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Abstract
The evolution equations of the Yukawa couplings and quark mixings are derived for
the one-loop renormalization group equations in the two Universal Extra Dimension
Models (UED), that is six-dimensional models, compactified in different possible ways
to yield standard four space-time dimension. Different possibilities for the matter
fields are discussed, such as the case of bulk propagating or localised brane fields. We
discuss in both cases the evolution of the Yukawa couplings, the Jarlskog parameter
and the CKM matrix elements, and we find that, for both scenarios, as we run up
to the unification scale, significant renormalization group corrections are present. We
also discuss the results of different observables of the five-dimensional UED model in
comparison with these six-dimensional models and the model dependence of the results.
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1 Introduction
The Standard Model (SM) is an extremely successful theory describing interactions among
elementary particles, and its predictions have been experimentally tested to a high level
of accuracy. However, there are many parameters which remain unexplained, such as the
origin of fermion masses and their associated mixing angles, providing a window to new
physics beyond the SM (see for example [1, 2, 3] and references therein). Apart from the
discovery of the Higgs Boson at the Large Hadron Collider (LHC), another important goal
of the LHC is to explore the new physics that may be present at the TeV scale. Among
these models those with extra spatial dimensions offer many possibilities for model building
and TeV scale physics scenarios which can be constrained or explored. In this context, there
have been many attempts to understand the origin of fermion masses and their mixings
by making use of Renormalization Group Equations (RGEs) especially for Universal Extra
Dimension (UED) models and their possible extensions (see for example [4, 5, 6, 7, 8, 9, 10]
and references therein).
UED models at the TeV scale [11] are explored in various configurations, the simplest
being the case of one flat extra dimension compactified on S1/Z2, which is widely studied
and constrained since more than a decade [12, 13]. In this case each standard model field
is accompanied by one massive tower of states, the Kaluza-Klein (KK) particles. If at the
boundaries one assumes the same localised interactions, the lightest KK state is stable thanks
to a parity, the KK parity, giving a natural dark matter particle candidate if the particle is
neutral [14, 15]. An extension of this scenario consist in considering this type of model in two
extra dimensions, this extension is non-trivial and brings further insight and is theoretically
motivated by specific requirements. As such there are many reasons to study these models,
primarily as they provide a dark matter candidate, and suppress the proton decay rate as
well as anomaly cancellations from the number of fermion generations being a multiple of
three [16].
Different models with two extra-dimensions have been proposed such as T 2/Z2 [12], the
chiral square T 2/Z4 [17, 18], T
2/(Z2×Z ′2) [19], S2/Z2 [20], the flat real projective plane RP 2
[21], the real projective plane starting from the sphere [22]. For example in [21] the parity
assuring the stability of the dark matter candidate is due to a remnant of the 6-dimensional
Lorentz symmetry after compactification as the model has no fixed points (see [23] for a
detailed discussion).
These compactifications will lead to two towers of new particle states for each standard
model particle in the effective 4D theory. In flat geometry the spectrum will be those
of a two-dimensional potential well, while for the sphere the spectrum will be the one of
angular momentum. As such, in the 4D effective theory there appear infinite towers of
massive KK states, with each excitation being specified by two integers, (j, k), called the KK-
numbers. For simplicity in this paper we assume that the two extra space-like dimensions
have the same size, that is R5 = R6 = R. This hypothesis is not realistic in all cases
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as some models are excluded when combining LHC limits and relic dark matter density
constraints [24, 25, 23, 26]. However this simpler case gives the opportunity to compute
in detail the renormalisation group evolution equations (RGE) and study the behaviour of
Yukawa couplings and quark mixings in such a scenario. The study of the RGE provides
a way by which partial explorations of the physics implications at a high energy scale is
possible. By using the RGE, we will study the evolution of the Yukawa couplings and
flavour mixings in the quark sector in the charged current, as described by the Cabibbo-
Kobayashi-Maskawa (CKM) matrix which has four observable parameters including three
mixing angles and one phase.
The form of the CKM matrix in the standard parameterisation is
VCKM =

 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb

 =

 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

 ,
(1.1)
where s12 = sin θ12, c12 = cos θ12 etc. are the sines and cosines of the three mixing angles
θ12, θ23 and θ13, and δ is the CP violating phase. This parameterisation will be used in the
rest of the paper.
In section 2 we introduce the 2UED SM, followed in section 3 by a presentation of the
evolution equations for the gauge couplings and the comparison between 5D and 6D UED
models. In section 4 we derive the RGE for the Yukawa couplings and the CKM matrix
elements in the 2UED model for both cases, that is for matter fields propagating in the bulk
and when they are restricted to the brane. We shall discuss our results and the evolution
properties for the physical observables in section 5, followed by our conclusions in section 6.
2 The 2UED SM
We study a generic model with two universal extra dimensions, where all the SM fields
(or some subset) propagate universally in 6D space-time. The space-time coordinate xµ(µ =
1, 2, 3, 4) denotes the usual Minkowski space, and the two extra spatial dimension coordinates
x5 and x6 are compactified. For simplicity we will refer here to the flat extra dimensional
notation, however for the purpose of computing renormalisation evolution equation, we will
later consider also the case of curved orbifold (the sphere S2 and related orbifolds).
2.1 Fermions
The spinor dimension of a fermion Ψ in 6 dimensions is minimally 8 (contrary to 4 minimal
components in 4 and 5 dimensions): the Clifford algebra contains six 8×8 gamma matrices
Γ1 . . .Γ6. Moreover, one can define
Γ7 = Γ1Γ2Γ3Γ4Γ5Γ6 (2.1)
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and it is possible to define two 6D chiralities
P± =
1
2
(
1± Γ7) . (2.2)
The minimal spinor representation of the Lorentz group are 4-component chiral fermions
Ψ± = P±Ψ. Each of the 6D-chiral fields contains two four dimensional Weyl fermions of
opposite 4D-chirality. Such considerations are quite general and apply to different models
(see for example [18, 21] for a more detailed discussion of the formalism).
For example in case of two flat extra dimensions, the Lagrangian for fermions read :
LFermions =
∫
dx5
∫
dx6
{
iψ¯±Γ
M∂Mψ±
}
(2.3)
=
∫
dx5
∫
dx6 i
{
ψ¯±LΓ
µ∂µψ±L + ψ¯±RΓ
µ∂µψ±R + ψ¯±LΓ
±∂∓ψ±R + ψ¯±RΓ
∓∂±ψ±L
}
,
where Γ± = 1
2
(Γ5 ± iΓ6) and ∂± = ∂5 ± i∂6. The way in which 4D chiral zero modes
describing the SM fermion are obtained differs in different models. Most often a quotient
of the original symmetry group by a discrete Z2 symmetry is necessary to eliminate one 4D
degree of freedom and allow to have a 4D chiral fermion [17], but it can be also obtained
directly from the properties of the orbifold as in [21]. Higher massive modes are vector-like
fermions.
2.2 Scalars
The Lagrangian for a scalar field Φ is
LScalars =
∫
dx5
∫
dx6
{
∂αΦ
†∂αΦ−M2Φ†Φ
}
, (2.4)
where α = 1, . . . 6 and the corresponding equations of motion are(
∂25 + ∂
2
6 + p
2 −M2)Φ = 0 , (2.5)
where p2 = −∂µ∂µ. After Fourier decomposition along the extra coordinates, the fields
can be written as a sum of KK modes. The wave functions satisfy the above equation
with p2 replaced by the mass square of the mode. The solutions of this equation are usual
combinations of sines and cosines (with frequencies determined by the periodicity) in flat
extra dimensions, while in the case of the 2-sphere inspired orbifolds the solutions are the
spherical harmonics. The masses are given by the formula
m2k,l =M
2 + k2 + l2 , (2.6)
and the mass eigenstates can be labelled by their parity assignment with respect to the
generators of the symmetry group of the orbifold and by the KK numbers (k, l).
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2.3 Gauge bosons
The Lagrangian for an Abelian gauge field (also for non-Abelian gauge symmetries at
quadratic level) is
LGauge+GF =
∫
dx5
∫
dx6
[
−1
4
F αβFαβ − 1
2ξ
[∂µA
µ − ξ(∂5A5 + ∂6A6)]2
]
(2.7)
where ξ is the gauge fixing parameter, and Fαβ = ∂αAβ − ∂βAα. The gauge fixing term
eliminates the mixing between Aµ and the extra polarisation A5 and A6. Once the parities
are assigned, the spectrum and wave functions will be the same as for the scalar field (without
mass term):
m2k,l = k
2 + l2 . (2.8)
In the Feynman-’t Hooft gauge ξ = 1, the equations of motion for A5 and A6 decouple from
the rest:
(∂25 + ∂
2
6 − ∂2µ)A5,6 = 0 (2.9)
and the two extra-components of the gauge field can be treated as two independent scalar
fields. Spectra and wave functions are again similar to the scalar case, with some additional
constraints. Therefore each of the gauge fields has six components [18] and decomposes
into towers of 4D spin-1 fields and two towers of real scalars belonging to the adjoint repre-
sentation. The phenomenology of these spinless adjoints has been investigated in detail in
[27].
2.4 Yukawa interactions
Yukawa interactions are built in the usual way in terms of 6D fields:
LY ukawa =
∫
dx5
∫
dx6 Y
ab
{
iψ¯a±Rφψ
b
∓L
}
. (2.10)
Any 6D field (fermion/gauge or scalar) Φ(xµ, x5, x6) can be decomposed as:
Φ(xµ, x5, x6) =
1
L
∑
j,k
f (j,k)(x5, x6)φ(j,k)(xµ) , (2.11)
where in the flat case
f (j,k)(x5, x6) =
1
1 + δ0,jδ0,k
[
e−
inpi
2 cos
(
jx5 + kx6
R
+
npi
2
)
+ cos
(
kx5 − jx6
R
+
npi
2
)]
.
(2.12)
Note that the 4D fields φ(j,k)(xµ) are the (j, k)th KK modes of the 6D fields Φ(xM) and n is
an integer whose value is restricted to 0, 1, 2 or 3 by the boundary conditions. The zero mode
(j, k = 0) is allowed only for n = 0 in the 4D effective theory. These Yukawa interactions
will give rise to the usual SM Yukawa interactions plus those related to the towers of KK
states.
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2.5 Model dependence of the spectra
In general a fixed value of the KK numbers (k, l) will correspond to a tier of states (including
scalars, but also fermions and gauge bosons) and for each type of particles there will be more
than one state (corresponding to the different possible parities of the orbifold). However not
all the possible states will be present as some states may be not possible due to symmetry
constraints and boundary conditions. Indeed looking to the typical spectra of the 2UED
models we listed in the introduction, one can check that this is the case only if at least one
of the two KK numbers (k, l) is equal to zero, while the higher tiers with k, l 6= 0 are fully
populated. This is an important observation for the calculation of the RGE, as the fact
that only few of the first KK modes are absent (and which ones depend on the model) has
little effect on the numerical results, thus reducing considerably the model dependence of
the evolution equations, as we shall see in more detail in the following (see Appendix A).
3 Gauge couplings evolution
Armed now with our 2UED model we derive the gauge coupling RGE, where our results
agree with [26, 28] for all matter fields propagating in the bulk. Apart from the SM field
contributions, there will be new contributions from the spinless adjoints A
(j,k)
H , where the
calculation is similar to that of the 5D UED model but with an additional factor of 2 due
to 6D gauge field having two extra dimensional components. Note that for the case of all
matter fields being restricted to the brane there will be no contributions from the KK excited
states of the fermions. The generic structure of the one-loop RGE for the gauge couplings
is then given by:
16pi2
dgi
dt
= bSMi g
3
i + pi
(
S(t)2 − 1) b6Di g3i , (3.1)
where t = ln( µ
MZ
), S(t) = etMZR, or S(µ) = µR =
µ
MKK
for MZ < µ < Λ (Λ is the cut-off
scale as shall be discussed in more detail in section 5). More details about the calculation
of the S2(t) factor can be found in Appendix A. The numerical coefficients appearing in
equation (3.1) are given by:
bSMi =
[
41
10
,−19
6
,−7
]
, (3.2)
and
b6Di =
[
1
10
,−13
2
,−10
]
+
[
8
3
,
8
3
,
8
3
]
η , (3.3)
η being the number of generations of fermions propagating in the bulk. Therefore, in the
two cases we shall consider, that of all fields propagating in the bulk (η = 3) we have [7]:
b6Di =
[
81
10
,
3
2
,−2
]
. (3.4)
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Similarly, for all matter fields localised to the brane (η = 0) we have:
b6Di =
[
1
10
,−13
2
,−10
]
. (3.5)
2 4 6 8
0.4
0.6
0.8
1.0
1.2
t
G
au
ge
Co
up
lin
gs
2 4 6 8
0.4
0.6
0.8
1.0
1.2
t
G
au
ge
Co
up
lin
gs
Figure 1: (Colour online) The evolution of gauge couplings g1 (red), g2 (blue) and g3 (green),
with: in the left panel, all matter fields in the bulk; and the right panel for all matter fields
on the brane; for three different values of the compactification scales 1 TeV (solid line), 2
TeV (dot-dashed line) and 10 TeV (dashed line), as a function of the scale parameter t.
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Figure 2: (Colour online) Comparison of the gauge coupling evolutions g1 (red), g2 (blue),
g3 (green) between the 1UED case (dashed line) and the 2UED case (solid line) with: in the
left panel, all matter fields in the bulk; and the right panel for all matter fields on the brane;
for a compactification scale of 2 TeV as a function of the scale parameter t.
We present in Fig.1 the evolution of the bulk field and brane localised cases for several
choices of compactification scale for the extra-dimension in the 2UED model. We find that
there is a difference in the g2 evolution, where it increases in the bulk propagating case and
decreases in the brane localised case. We also see that the three gauge coupling constants,
as expected in extra-dimensional theories, can unify at some value of t depending on the
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radius of compactification. As an example, for 1 TeV we see an approximation unification
at t = 4.
In Fig.2 we show for comparison the gauge couplings between the 1UED and 2UED cases
for a compactification scale of 2 TeV. From the plots and the discussion in Ref.[9], we see
that in both cases the gauge couplings have similar behaviour, however in the 2UED case
we have asymptotes at lower t values, that is, a lower energy scale. As such the range of
validity for the 2UED is less than the 1UED case, this being due to the S2(t) factor present
in Eq.(3.1), there only being a linear dependence on S(t) for the 1UED case.
The solid line (which corresponds to the 2UED case) drops off faster than the dashed
line (1UED case) when the gauge couplings decrease with energy scale. For the g1 coupling,
it increases faster than in the 2UED case (at t ∼ 6) with a roughly constant evolution in the
1UED case. As such one can see in the brane case a large difference in the evolution of this
coupling, a feature which can distinguish these two models.
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Figure 3: (Colour online) The evolution of the Weinberg angle (sin2 θW ) where the solid line
represents the SM case with: in the left panel, all matter fields in the bulk; and the right panel
for all matter fields on the brane; for three different values of the compactification scales 1
TeV (solid line), 2 TeV (dot-dashed line) and 10 TeV (dashed line), as a function of the
scale parameter t.
In Fig.3 we present the evolution of sin2 θW in the 2UED for the bulk and brane cases.
Once the KK states begin to contribute the new contributions from the extra-dimensions
change the behaviour, that is, it increases until we reach the cut-off scale. One can see that
for R−1 = 1 TeV, sin2θW can rise to ∼ 0.5. This result may be useful, at least from a model
building perspective, as many extra-dimensional models such as gauge-Higgs unification
models in two extra dimensions (see for example [29]) predict for many choices of the gauge
group large values of sin2 θW from a group theory point of view. However, this value is the
one expected in the energy range of coupling unification, which once evolved back to the
electroweak scale may indeed be close or compatible to the measured value.
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4 Beta functions of the Yukawa couplings and CKM
matrix elements in 2UED
In the 2UED model the β-function for the Yukawa couplings can be written as:
16pi2
dYi
dt
= βSMi + β
6D
i , for i = u, d, e, (4.1)
where βSMi is the SM contribution, and can be found in Refs.[6, 9]. The β
6D
i are the con-
tributions from the excited KK modes and S(t) is the number of KK levels that fulfils the
inequality 1 ≤ j2 + k2 ≤ ( µ
MKK
)2 in this general 2UED model. Recall that µ is the energy
scale and MKK = R
−1 is the energy for which the first KK mode is generated.
4.1 Bulk case
For all matter fields propagating in the bulk, we get:
β6Du = pi(S(t)
2 − 1)Yu
[
−32
3
g23 −
3
2
g22 −
5
6
g21 + 3(Y
†
uYu − Y †d Yd)
+ 2Tr(3Y †uYu + 3Y
†
d Yd + Y
†
e Ye)
]
, (4.2)
β6Dd = pi(S(t)
2 − 1)Yd
[
−32
3
g23 −
3
2
g22 −
1
30
g21 + 3(Y
†
d Yd − Y †uYu)
+ 2Tr(3Y †uYu + 3Y
†
d Yd + Y
†
e Ye)
]
, (4.3)
β6De = pi(S(t)
2 − 1)Ye
[
−3
2
g22 −
27
10
g21 + 3Y
†
e Ye
+ 2Tr(3Y †uYu + 3Y
†
d Yd + Y
†
e Ye)
]
. (4.4)
Note that the coupling constant g1 is chosen to follow the conventional SU(5) normalisation.
These Yukawa coupling matrices can be diagonalised by using two unitary matrices U
and V , where
UY †uYuU
† = diag(f 2u , f
2
c , f
2
t ) , V Y
†
d YdV
† = diag(h2d, h
2
s, h
2
b) , (4.5)
in which f 2u , f
2
c , f
2
t and h
2
d, h
2
s, h
2
b are the eigenvalues of Y
†
uYu and Y
†
d Yd respectively. As such
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we obtain the following two relations:
16pi2
df 2i
dt
= f 2i
[
2
(
2pi(S(t)2 − 1) + 1)T − 2Gu + 6 (pi(S(t)2 − 1) + 1) f 2i
− 6 (pi(S(t)2 − 1) + 1)∑
j
h2j |Vij|2
]
,
16pi2
dh2j
dt
= h2j
[
2
(
2pi(S(t)2 − 1) + 1)T − 2Gd + 6 (pi(S(t)2 − 1) + 1)h2i
− 6 (pi(S(t)2 − 1) + 1)∑
i
f 2i |Vij|2
]
, (4.6)
where i = (u, c, t) and j = (d, s, b). Similarly the variation of the lepton Yukawa couplings
y2a (a = e, µ, τ) is
16pi2
dy2a
dt
= y2a
[
2
(
2pi(S(t)2 − 1) + 1) T − 2Ge + 6 (pi(S(t)2 − 1) + 1) y2a] . (4.7)
In Eqs.(4.6, 4.7) where have used the following expressions:
Gu = 8g
2
3 +
9
4
g22 +
17
20
g21 + pi
(
S(t)2 − 1)(32
3
g23 +
3
2
g22 +
5
6
g21
)
,
Gd = 8g
2
3 +
9
4
g22 +
1
4
g21 + pi
(
S(t)2 − 1)(32
3
g23 +
3
2
g22 +
1
30
g21
)
,
Ge =
9
4
g22 +
9
4
g21 + pi
(
S(t)2 − 1)(3
2
g22 +
27
10
g21
)
,
T = Tr(3Y †uYu + 3Y
†
d Yd + Y
†
e Ye) .
The CKM matrix is then obtained upon diagonalisation of the quark mass matrices,
VCKM = UV
†. The variation of the CKM matrix and its evolution equation for all matter
fields in the bulk is:
16pi2
dVik
dt
= −6 (pi(S(t)2 − 1) + 1)
[∑
m,j 6=i
f 2i + f
2
j
f 2i − f 2j
h2mVimV
∗
jmVjk
+
∑
j,m6=k
h2k + h
2
m
h2k − h2m
f 2j V
∗
jmVjkVim
]
. (4.8)
The RGEs for the squares of the absolute values of the CKM matrix elements, i.e. the
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rephasing invariant variables, can now be calculated as:
16pi2
d|Vij|2
dt
= 2
(
pi(S(t)2 − 1) + 1)
[
3|Vij|2
(
f 2i + h
2
j −
∑
k
f 2k |Vkj|2 −
∑
k
h2k|Vik|2
)
− 3f 2i
∑
k 6=i
1
f 2i − f 2k
(
2h2j |Vkj|2|Vij|2 +
∑
l 6=j
h2l Viklj
)
− 3h2j
∑
l 6=j
1
h2j − h2l
(
2f 2i |Vil|2|Vij|2 +
∑
k 6=i
f 2kViklj
)]
,(4.9)
where
Viklj = 1− |Vil|2 − |Vkl|2 − |Vkj|2 − |Vij|2 − |Vil|2|Vkj|2 − |Vkl|2|Vij|2 . (4.10)
4.2 Brane case
We shall now consider the case of brane localised matter fields for Yukawa couplings in a 6D
model. In this case there are no contributions from the KK excited states of the fermions to
the Yukawa couplings, in which case we obtain:
β6Du = 4pi(S(t)
2 − 1)Yu
[
−8g23 −
9
4
g22 −
17
20
g21 +
3
2
(Y †uYu − Y †d Yd)
]
, (4.11)
β6Dd = 4pi(S(t)
2 − 1)Yd
[
−8g23 −
9
4
g22 −
1
4
g21 +
3
2
(Y †d Yd − Y †uYu)
]
, (4.12)
β6De = 4pi(S(t)
2 − 1)Ye
[
−9
4
g22 −
9
4
g21 +
3
2
Y †e Ye
]
. (4.13)
By imposing the unitary transformation on both sides of the evolution equations of Y †uYu
and Y †d Yd, we derive the RGEs for the eigenvalues of the square of these Yukawa coupling
matrices as follows:
16pi2
df 2i
dt
= f 2i
[
2T − 2Gu + 3
(
4pi(S(t)2 − 1) + 1) f 2i − 3 (4pi(S(t)2 − 1) + 1)∑
j
h2j |Vij|2
]
,
16pi2
dh2j
dt
= h2j
[
2T − 2Gd + 3
(
4pi(S(t)2 − 1) + 1)h2j − 3 (4pi(S(t)2 − 1) + 1)∑
i
f 2i |Vij|2
]
,
16pi2
dy2a
dt
= y2a
[
2T − 2Ge + 3
(
4pi(S(t)2 − 1) + 1) y2a] , (4.14)
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where
Gu = 8g
2
3 +
9
4
g22 +
17
20
g21 + 4pi
(
S(t)2 − 1)(8g23 + 94g22 + 1720g21
)
,
Gd = 8g
2
3 +
9
4
g22 +
1
4
g21 + 4pi
(
S(t)2 − 1)(8g23 + 94g22 + 14g21
)
,
Ge =
9
4
g22 +
9
4
g21 + 4pi
(
S(t)2 − 1)(9
4
g22 +
9
4
g21
)
,
T = Tr(3Y †uYu + 3Y
†
d Yd + Y
†
e Ye) .
Consequently the CKM running of the quark flavour mixing matrix (16pi2
dVik
dt
and 16pi2
d|Vij|2
dt
)
for all matter fields on the brane it is the same as in the bulk case except that the prefactor
2 (pi(S(t)2 − 1) + 1) is replaced by (4pi(S(t)2 − 1) + 1) in Eqs.(4.8, 4.9).
5 Numerical results and discussions
For our numerical calculations we assume that the fundamental scale is not far from the
range of the LHC and set the compatification radii to be R−1 = 1 TeV, 2 TeV and 10 TeV.
Only some selected plots will be shown and we will comment on the other similar cases not
explicitly presented. We quantitatively analyse these quantities in the 2UED model with the
initial values adopted at theMZ scale as: for the gauge couplings α1(MZ) = 0.01696, α2(MZ)
= 0.03377, and α3(MZ) = 0.1184; for the fermion masses mu(MZ) = 1.27 MeV, mc(MZ) =
0.619 GeV, mt(MZ) = 171.7 GeV, md(MZ) = 2.90 MeV, ms(MZ) = 55 MeV, mb(MZ) =
2.89 GeV, me(MZ) = 0.48657 MeV, mµ(MZ) = 102.718 MeV, and mτ (MZ) = 1746.24 MeV
as in [7, 30].
Once the first KK threshold is reached, the contributions from the KK states become
more and more significant due to the power law running where the second term on the
right hand side of Eq.(4.1) depends explicitly on the cut-off, which has quantum corrections
to the beta functions at each massive KK excitation level. Therefore, the running of the
Yukawa couplings deviates from their normal orbits and starts to evolve faster. Similarly,
for the Yukawa couplings, where we show in Fig.4 the evolution of the top Yukawa coupling
in the 2UED case, the cases of bulk fields and brane localised fields for different radii of
compactification, the Yukawa couplings decrease when the first two towers of KK states are
reached (that is, when t > ln
(
1
MZR
)
). However, as the cut-off is reached quickly in the bulk
case, the resulting decrease is of 50% from the initial value, while in the brane case, the top
Yukawa coupling can reach a smaller value by running in a larger energy range (a decrease
of about 90% from the initial value). This is due to the theory being valid to a higher cut-off
scale in the brane case.
A comparison between the 1UED and 2UED cases for the evolution of the top Yukawa
coupling is shown in Fig.5 where a rapid decrease appears in the 2UED case, due to the
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Figure 4: (Colour online) The evolution of top Yukawa coupling ft where the solid line
represents the SM case with: in the left panel all matter fields in the bulk; and the right panel
for all matter fields on the brane; for three different values of the compactification scales 1
TeV (solid line), 2 TeV (dot-dashed line) and 10 TeV (dashed line), as a function of the
scale parameter t.
presence of two towers of KK states, which manifest in Eqs.(4.4, 4.13) as the S2(t) factor.
In the 1UED case we have one tower of KK states and a linear dependence of S(t), so we
observe that ft decreases less rapidly than the 2UED case. Note that the evolution of other
Yukawa couplings have similar behaviours of decreasing when the quantum corrections from
the extra-dimensions set in.
We should explicitly state, at this point, that the cut-offs used for the bulk and brane
cases in both five and six dimension (1UED and 2UED) are summarised in Tab.1. From
this we see that the theory in 6D is valid only up to a smaller value of t than the 5D case,
where beyond these cut-offs the model would be superseded by new physics. These values
correspond to the point where g1 = g2.
Table 1: The cut-offs in 5D and 6D for both bulk and brane cases for the three compactifi-
cation radii R−1 =1, 2 and 10 TeV, where t = ln
(
µ
MZ
)
.
Scenarios t(R1) t(R2) t(R3)
Brane and Bulk 5D (1UED) 5.61 6.27 7.81
Brane and Bulk 6D (2UED) 3.87 4.55 6.12
We next turn our attention to the quark flavour mixings, where due to the arbitrary
choice of phases for the quark fields, the phases of individual matrix elements of VCKM
are not themselves directly observable. We therefore use the absolute values of the matrix
element |Vij| as the independent set of rephasing invariant variables. Of the nine elements
of the CKM matrix, only four of them are independent, which is consistent with the four
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Figure 5: (Colour online) Comparison of the top Yukawa coupling evolution between the
1UED case (blue) and the 2UED case (red), where the solid line represent the SM case with:
in the left panel all matter fields in the bulk; and the right panel for all matter fields on the
brane; for a compactification scale of 2 TeV as a function of the scale parameter t.
independent variables of the standard parameterisation of the CKM matrix.
We plot in Fig.6 the evolution of the CKM parameter |Vub| in the bulk and brane cases
and note that the other CKM parameters have similar behaviours. We see that once the
KK threshold is reached, we have new contributions from the new KK states resulting in a
rapidly increasing evolution of the parameter in both cases. Recall that the range of validity
for the brane case is bigger than the bulk one, where both cases have a smaller range of
validity in the 2UED model when compared to the 1UED model due to the cut-off in two
extra dimensions being smaller. For comparison see Fig.7.
We plot the Jarlskog parameter in Fig.8 in the 2UED model for both cases considered
here for different radius of compactification. The Jarlskog rephasing invariant parameter
J = ImVudVcsV
∗
usV
∗
cd, gives us an indication of the amount of CP violation in the quark
sector. As can be seen from the figure, once the first KK threshold is crossed, we have a
sharp increase in the value of J up to the cut-off scale for both cases. For the bulk case as
approximately 45%, and the brane localised of 20%. In Fig.9 we compare the 2UED to the
1UED model, and observe similar phenomenologies as for the |Vub| evolution. Note that the
main difference between the two models (1UED and 2UED) is the cut-off scale, which for
R−1 = 1 TeV is Λ ∼ 25 TeV in the 5D model, which is larger than in the 6D model where
Λ ∼ 4.5 TeV. Therefore, the typical 2UED model can be tested, detected or ruled out more
easily.
6 Conclusions
In this work we derived the RGEs for Yukawa and gauge couplings in the general 2UED model
for different scenarios, that of, all matter fields propagating in the bulk or constrained to the
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Figure 6: (Colour online) The evolution of CKM element |Vub| where the solid line represents
the SM case with: in the left panel all matter fields in the bulk; and the right panel for all
matter fields on the brane; for three different values of the compactification scales 1 TeV
(solid line), 2 TeV (dot-dashed line) and 10 TeV (dashed line), as a function of the scale
parameter t.
brane. We observed that the physical observables in this model undergo rapid evolutions
once the first KK threshold in crossed. However, in comparison with 1UED models, we find
that this model is valid up to energy scale less than that of the 1UED model cases. This
should lead to a means of distinguishing these two models. Note that the case of two extra
spatial dimensions opens up a range of different compactification scenarios, as discussed in
Appendix A, where we have found that in the general (all KK modes included) 2UED models
the leading behaviour as encompassed in the S2(t) dominates. Indeed the fact that only few
of the first KK modes are absent has little effect on the numerical results, thus allowing
to have robust predictions, reducing considerably the impact of model dependence of the
evolution equations and the results described in the present paper.
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Figure 7: (Colour online) Comparison of the |Vub| evolution between the 1UED case (blue)
and the 2UED case (red), where the solid line represents the SM case with: in the left panel
all matter fields in the bulk; and the right panel for all matter fields on the brane; for a
compactification scale of 2 TeV as a function of the scale parameter t.
A The number of KK states in 2UED models
T 2 case
In the T 2 case the KK mass is Mj,k =
√
j2+k2
R
, where by define MKK =
1
R
as the lightest KK
mass, the number of KK states originate from:
∑
j,k
ln
µ√
j2 + k2MKK
for 1 ≤ j2 + k2 ≤
(
µ
MKK
)2
(A.1)
∑
j,k
ln
µ√
j2 + k2MKK
=
∑
j,k
ln
µ
MKK
− 1
2
ln(j2 + k2) , (A.2)
One can use the polar coordinates and change the sum into an integral as
∑
j,k
ln
µ
MKK
− 1
2
ln(j2 + k2) =
∫ µ
MKK
1
2pirdr
(
ln
µ
MKK
− ln r
)
, (A.3)
from which we obtain
pi
2
[(
µ
MKK
)2
− 1− 2 ln µ
MKK
]
. (A.4)
Therefore, the gauge couplings running equation becomes
4pi
g2i (µ)
=
4pi
g2i (MZ)
− b
SM
i
2pi
ln
µ
MZ
+ 2C
b6Di
2pi
ln
µ
MKK
− C b
6D
i
2pi
((
µ
MKK
)2 − 1) , (A.5)
where C = pi
2
, and in terms of the t parameter we have µ =MZe
t. As such Eq.(A.5) becomes
4pi
g2i (µ)
=
4pi
g2i (MZ)
− b
SM
i
2pi
ln
MZe
t
MZ
+ 2C
b6Di
2pi
ln
MZe
t
MKK
− Cb
6D
i
2pi
((
MZe
t
MKK
)2
− 1
)
. (A.6)
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Figure 8: (Colour online) The evolution of the Jarlskog parameter J where the solid line
represents the SM case with: in the left panel all matter fields in the bulk; and the right panel
for all matter fields on the brane; for three different values of the compactification scales 1
TeV (solid line), 2 TeV (dot-dashed line) and 10 TeV (dashed line), as a function of the
scale parameter t.
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Figure 9: (Colour online) Comparison of the Jarlskog parameter J evolution between the
1UED case (blue) and the 2UED case (red), where the solid line represent the SM case with:
in the left panel all matter fields in the bulk; and the right panel for all matter fields on the
brane; for a compactification scale of 2 TeV as a function of the scale parameter t.
We take the derivative of Eq.(A.6) with respect to t to obtain
− 2g−3i
dgi
dt
= −b
SM
i
8pi2
+ 2C
b6Di
8pi2
(
1− (MZRet)2) ,
dgi
dt
=
[
bSMi
16pi2
+ 2C
b6Di
16pi2
(
S(t)2 − 1)] g3i , (A.7)
which is Eq.(3.1). Thus our KK number for the general 2UED model is 2C(S(t)2−1), where
our general model is this T 2 model, and where S(t) = MZRe
t assuming that all modes
contribute in the range of our energy scale.
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S2 case
In the S2 case the KK mass is Mj,k =
√
j(j+1)
R
, and we have MKK =
√
2
R
being the lightest
KK state in this model. Our KK number is then given by∑
j,k
(2j + 1)ln
µ√
j2 + k2MKK
for 2 ≤ j(j + 1) ≤ 2( µ
MKK
)2 , (A.8)
where 2j + 1 is the number of degenerate states in each j-level.
Using j(j + 1) ≈ j2 and defining jmax =
√
2 µ
MKK
and jmin =
√
2,
∑
j,k
ln
µ√
j(j+1)
2
MKK
=
∫ √2( µ
MKK
)
√
2
2jdj ln
jmax
j
, (A.9)
and ∫ √2( µ
MKK
)
√
2
2jdj ln
jmax
j
≈
[(
µ
MKK
)2
− 1− 2 ln µ
MKK
]
. (A.10)
Therefore our KK number, as function of the t parameter, in this model is given by 2(S(t)2−
1) assuming that all modes contribute in the range of our energy scale.
Model dependence of the RGE
Note that, in specific realisations of the 2UED models some of the states may not be present,
therefore one needs to subtract those states which do not contribute from the total KK
number. For instance the case of T 2 or S2 compactifications, the states (0,2k) and (2k,0) for
a given parity may not be present. Assuming that these states are not there, the number of
KK states for a such model becomes 2C(S2 − 1) − 2(S − 1), where C = pi
2
for the T 2 case
or 1 for the S2 case. We have numerically analysed such 2UED models to test the model
dependence of the results obtained with the RGE and only minor changes in the plots were
observed, with the major phenomenology discussed in section 5 remaining unaltered.
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